On subclasses of m-fold symmetric bi-univalent functions by Şeker, Bilal & Taymur, İdris
TWMS J. App. and Eng. Math. V.11, N.2, 2021, pp. 598-604
ON SUBCLASSES OF M-FOLD SYMMETRIC BI-UNIVALENT
FUNCTIONS
B. ŞEKER1, İ. TAYMUR2, §
Abstract. In this study, we introduce and investigate two new subclasses of the bi-
univalent functions which both f(z) and f−1(z) are m-fold symmetric analytic functions.
Among other results, upper bounds for the coefficients |am+1| and |a2m+1| are found in
this investigation.
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1. Introduction
Let A denote the class of functions f(z) which are analytic in the open unit disk U =
{z : z ∈ C and |z| < 1} and normalized by the conditions f(0) = f ′(0)−1 = 0 and having
the form:





Also let S denote the subclass of functions in A which are univalent in U (for details,
see [6]).
It is well known that every function f ∈ S has an inverse f−1 , which is defined by













In fact, the inverse function f−1 is given by
g(w) = f−1(w) = w − a2w2 + (2a22 − a3)w3 − (5a32 − 5a2a3 + a4)w4 + · · · . (2)
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A function f ∈ A is said to be bi-univalent in U if both f(z) and f−1(z) are univalent
in U. We denote by Σ the class of all bi-univalent functions in U given by the Taylor-
Maclaurin series expansion (1).
The problem of coefficient bounds of bi-univalent functions dates back to the 1967,
when Lewin [10] investigated the class Σ. Following, Brannan and Taha studied with
bi-univalent functions [3, 17]. Lewin, Brannan and Taha, thus pioneered the formation
of the concept of cornerstone in bi-univalent functions theory. However, in these days a
significat amount of theoretical work is done by outstanding mathematicians as Srivastava
et al. [12, 13], Ali et al. [1], Çaglar et al. [4], Hamidi and Jahangiri [8], Hussain et al. [9],
Şeker [15, 16], Zaprawa [20].
Let m ∈ N. A domain E is said to be m-fold symmetric if a rotation of E about the
origin through an angle 2π/m carries E on itself. It follows that, a function f(z) analytic
in U is said to be m-fold symmetric (m ∈ N) if
f(e2πi/mz) = e2πi/mf(z).
In particular every f(z) is 1-fold symmetric and every odd f(z) is 2-fold symmetric. We
denote by Sm the class of m-fold symmetric univalent functions in U.
A simple argument shows that f ∈ Sm is characterized by having a power series of the
form




mk+1 (z ∈ U, m ∈ N). (3)
In [14] Srivastava et al. described the class of m-fold symmetric bi-univalent functions
similar to the class of m-fold symmetric univalent functions (Also, see [7, 5, 18, 19, 2]).
They obtained that each function f ∈ Σ, given by equations (3), constitue an m-fold
symmetric bi-univalent function for each m ∈ N. Also considering the normalized form
of f is given by (3), they expressed the Maclaurin series for the inverse of a function as
follows:
g(w) = w − am+1wm+1 +
[








(m+ 1)(3m+ 2)a3m+1 − (3m+ 2)am+1a2m+1 + a3m+1
]
w3m+1 + · · ·
where f−1 = g. We denote by Σm the class of m-fold symmetric bi-univalent functions in
U.
In 1983, Salagean [11] has introduced the following differential operator :
Dn : A → A
D0f(z) = f(z),
D1f(z) = Df(z) = zf ′(z),
and
Dnf(z) = D(Dn−1f(z)) (n ∈ N0 = N ∪ {0}).
For the functions given by (1.1), we can easily find that




k (n ∈ N0).
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The object of the present paper is to introduce new subclasses of the function class
bi-univalent functions in which both f and f−1 are m-fold symmetric analytic functions
and obtain coefficient bounds for |am+1| and |a2m+1| for functions in each of these new
subclasses.
2. Coefficient Estimates for the function class (T t,nΣ,m)
We begin by introducing the function class (T t,nΣ,m) by means of the following definition.
Definition 2.1. A function f(z) given by (3) is said to be in the class (T t,nΣ,m) (0 < α ≤
1; n, t ∈ N0 ; t ≥ n) if the following conditions are satisfied:
f ∈ Σm and
∣∣∣∣arg(Dtf(z)Dnf(z)
)∣∣∣∣ < απ2 (z ∈ U) (5)
and ∣∣∣∣arg(Dtg(w)Dng(w)
)∣∣∣∣ < απ2 (w ∈ U) (6)
where the function g(w) is given by (4), Dt and Dn are Salagean differential operators
and have the following forms











Theorem 2.1. Let f ∈ (T t,nΣ,m) (0 < α ≤ 1; n, t ∈ N0 ; t ≥ n) be given by (3). Then
|am+1| ≤
2α√










where λ = 2m+ 1 and µ = m+ 1








where p(z) and q(w) are in familiar Caratheodory Class P (see for details [6]) and have
the following series representations:
p(z) = 1 + pmz
m + p2mz
2m + p3mz
3m + · · · (11)
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and
q(w) = 1 + qmw
m + q2mw
2m + q3mw
3m + · · · . (12)
Comparing the corresponding coefficients of (9) and (10) yields
(µt − µn)am+1 = αpm (13)













From (13) and (15), we get
pm = −qm (17)
and
2(µt − µn)2a2m+1 = α2(p2m + q2m). (18)
Also from (14), (16) and (18), we get
a2m+1 =
α2(p2m + q2m)
αµ[λt − λn]− 2α[µn+t − µ2n]− (α− 1)[µt − µn]2
. (19)
Note that, according to the Caratheodory Lemma (see [6]), |pm| ≤ 2 and |qm| ≤ 2 for
m ∈ N. Now taking the absolute value of (19) and applying the Caratheodory Lemma for
coefficients p2m and q2m we obtain
|am+1| ≤
2α√
αµ[λt − λn]− 2α[µn+t − µ2n]− (α− 1)[µt − µn]2
.
This gives the desired estimate for |am+1| as asserted (7).



































This completes the proof of the Theorem 2.1. 
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3. Coefficient Estimates for the function class T t,nΣ,m(β)
Definition 3.1. A function f(z) given by (3) is said to be in the class T t,nΣ,m(β) (0 ≤ β <
1; n, t ∈ N0 ; t ≥ n) if the following conditions are satisfied.












> β (w ∈ U) (22)
where the function g(w) is given by (4).














where λ = 2m+ 1 and µ = m+ 1
Proof. It follows from (21) and (22) that
Dtf(z)
Dnf(z)




= β + (1− β)q(w) (26)
where p(z) and q(w) have the forms (11) and (12), respectively. Equating coefficients (25)
and (26) yields
(µt − µn)am+1 = (1− β)pm (27)
(λt − λn)a2m+1 − (µt+n − µ2n)a2m+1 = (1− β)p2m (28)





− (µt+n − µ2n)a2m+1 = (1− β)q2m. (30)
From (27) and (29) we get
pm = −qm (31)
and
2(µt − µn)2a2m+1 = (1− β)2(p2m + q2m). (32)
Also from (28) and (30), we obtain
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[
(λt − λn)µ− 2(µt+n − µ2n)
]
a2m+1 = (1− β)(p2m + q2m). (33)
Thus we have
∣∣a2m+1∣∣ ≤ (1− β)(λt − λn)µ− 2(µt+n − µ2n) (|p2m|+ |q2m|) .
=
4(1− β)
(λt − λn)µ− 2(µt+n − µ2n)
,
which is the bound on |am+1| as given in the Theorem 3.1.





= (1− β)(p2m − q2m) + (1 + 2mλ)(m+ 1)a2m+1
or equivalently
a2m+1 =
(1− β)(p2m − q2m)
2(λt − λn)
+
µ(1− β)2(p2m + q2m)
4(µt − µn)2
.








which is the bound on |a2m+1| as asserted in Theorem 3.2. 
Remark 3.1. For 1-fold symmetric bi-univalent functions, if we put t = 1 and n = 0 in
Theorem 2.1 and Theorem 3.1 , we obtain to results which were given by [3]. Furthermore,
for one-fold symmetric bi-univalent functions in Theorem 2.1 and Theorem 3.1, we obtain
to results which were given by [15].
References
[1] Ali, R. M., Lee, S. K., Ravichandran, V. and Supramaniam, S.,(2012), Coefficient estimates for bi-
univalent Ma-Minda starlike and convex functions, Applied Mathematics Letters, 25, pp 344-351.
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[5] Çağlar, M., Gurusamy, P., and Deniz, Erhan., (2018), Unpredictability of initial coefficient bounds for
m-fold symmetric bi-univalent starlike and convex functions defined by subordinations, Afrika Matem-
atika 29(5-6), pp 793-802.
[6] Duren, P.,(1983), Univalent Functions, Grundlehren der Mathematischen Wissenschaften, Band 259,
New York, Berlin, Heidelberg and Tokyo, Springer-Verlag.
[7] Eker, S. S., (2016) Coefficient bounds for subclasses of m-fold symmetric bi-univalent functions, Turk.
J. Math., 40, pp 641-646.
[8] Hamidi, S. G. and Jahangiri, J.M., (2016), Faber polynomial coefficients of bi-subordinate functions,
Comptes Rendus Mathematique, 354, pp 365-370.
[9] Hussain, S., Khan, S., Zaighum, M. A., Darus, M. and Shareef, Z.,(2017), Coefficients Bounds for
Certain Subclass of Bi-univalent Functions Associated with Ruscheweyh q-Differential Operator, J.
Complex Anal., Article ID 2826514, pp.1-9, https://doi.org/10.1155/2017/2826514.
[10] Lewin M., (1967), On a coefficient problem for bi-univalent functions, Proc. Amer. Math. Soc., 18, pp
63-68.
604 TWMS J. APP. AND ENG. MATH. V.11, N.2, 2021
[11] Salagean, G. S., (1983), Subclasses of univalent functions, Lecture Notes in Math., Springer,
Berlin,1013, pp 362-372.
[12] Srivastava, H. M., Mishra, A. K. and Gochhayat, P., (2010), Certain subclasses of analytic and bi-
univalent functions. Appl. Math. Lett.,23, pp 1188-1192.
[13] Srivastava, H. M, Eker, S. S., and Ali, R. M., (2015), Coefficient Bounds for a Certain Class of Analytic
and Bi-Univalent Functions, Filomat, 29, pp 1839-1845.
[14] Srivastava, H. M., Sivasubramanian, S. and Sivakumar, R., (2014), Initial coefficient bounds for a
subclass of m-fold symmetric bi-univalent functions, Tbilisi Mathematical Journal, 7, pp 1-10.
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